In this paper we consider the onset of shimmy oscillations of an aircraft nose landing gear. To this end we develop and study a mathematical model with torsional and lateral bending modes that are coupled through a wheel-mounted elastic tyre. The geometric effects of a positive rake angle are fully incorporated into the resulting five-dimensional ordinary differential equation model. A bifurcation analysis in terms of the forward velocity and the vertical force on the gear reveals routes to different types of shimmy oscillations. In particular, we find regions of stable torsional and stable lateral shimmy oscillations, as well as transient quasiperiodic shimmy where both modes are excited.
Introduction
Lateral, unwanted oscillations during the motion of wheeled vehicles, such as aircraft, motorcycles, cars and trailers, are undesirable due to their detrimental effects on the safety as well as on the costs involved in the maintenance of the vehicle. Such oscillations are generally referred to as shimmy oscillations. One of the earliest documented evidence of shimmy was reported by Broulhiet [3] , who investigated the dynamics of cars. The concept of side slip that he introduced still forms the basis for the understanding of shimmy oscillations in a wide range of wheeled vehicles. Another milestone for shimmy research was the seminal work of von Schlippe and Dietrich [17] on tyre mechanics and its influence on shimmy. Shimmy has been studied in general wheeled vehicles, including cars, pulled trailers, motorcycles and aircraft; see, for example, the overview papers by Dengler et al. [4] , Smiley [13] and Pritchard [12] as an entry point to the literature.
Of particular interest for our study is the work by Pacejka [10, 11] and by Stépán [15, 16] , who consider a pulled trailer-a system that is characterized by a large caster length (mechanical trail) with zero rake angle and weak damping, and possible freeplay at the kingpin. Pacejka [10, 11] found experimentally and in a 13th-order model that shimmy may occur for a wide range of velocities and may be associated with sudden jumps into and out of shimmy when the velocity is changed. Furthermore, he found the first example of quasiperiodic shimmy in the form of beating oscillations where also the translational mode at the kingpin is excited. Sudden jumps from straight-line motion (no shimmy) of the tyre to large amplitude shimmy with only a very small variation in a system parameter were also found by Stépán [16] . Furthermore, in [15] he systematically investigates quasiperiodic shimmy oscillations and shows that in his pulled trailer setup the second frequency is due to a memory effect associated with the rolling tyre. This type of tyre dynamics must be modeled mathematically by a set of time-delayed differential equations. In separate work, Takács and Stépán [18] found quasiperiodic shimmy in an experimental setup resembling a pulled trailer; the experimental observations are also verified by comparison with a time-delayed mathematical model.
In this paper we consider the onset of shimmy oscillations for the case of an aircraft nose landing gearan issue that is essentially as old as aircraft themselves. While there are certain commonalities, there are important differences between different types of vehicles, which are crucial for the dynamics and the onset of shimmy oscillations. The nose landing gear of a typical midsize commercial passenger aircraft has three main vibrational modes: a torsional mode corresponding to the rotation about the strut axis, a lateral mode that is representative of vibrations of the gear about an axis passing through the fuselage centerline, and a vertical mode associated with the shock dampers of the gear (which are generally called oleos in the context of aircraft landing gears). These three modes of vibration are coupled via the tyre-ground interaction and play an important role in the occurrence of shimmy in aircraft. In contrast to pulled trailers, an aircraft nose landing gear generally features a nonzero rake angle and its torsional mode is very strongly damped.
Initial work in the early 1930s on the dynamic stability of aircraft on the ground concentrated on the excitation of the vertical mode via roughness of the ground. See the overview paper by Dengler et al. [4] for a discussion of the early literature on how the vertical mode may interact either with the torsional or with the lateral mode. By contrast, the vertical mode of a commercial aircraft is generally sufficiently damped so that it does not get excited on today's smooth runways or taxiways. Nevertheless, shimmy oscillations may still occur in aircraft landing gears, and this has been studied experimentally, by means of linear stability analysis and by numerical simulation; see the reviews [1, 2, 6, 8] . Smiley [13] studied shimmy for three different landing gear structures. While one of the cases had a nonzero rake angle, its nonlinear geometric effects were not included in the model. The paper [13] contains linear stability analysis of a landing gear model and discusses a systematic way of modeling the geometrical aspects of the strut. More recently, Somieski [14] studied shimmy as a nonlinear phenomenon of a nonlinear set of ODEs describing a nose landing gear with zero rake angle. Here, time domain analysis showed a case of supercritical Hopf bifurcation leading to a set of stable limit cycles past the bifurcation point. Woerner and Noel [20] describe the main cause of shimmy as the energy transfer from the contact force between the tyres and the ground to the vibrational modes of the landing gear system whose stability depends on the damping and stiffness characteristics of tyres and the supporting structure. They also studied the change in the frequency of different vibrational modes of a typical nose landing gear as a function of swivel friction and forward velocity. This suggests that coupled motion can occur due to resonance phenomena under variations in the forward velocity, leading to high-amplitude shimmy oscillations.
The focus of this work is the interaction between the torsional mode and the lateral mode, which are strongly coupled via the nonlinear restoring force of the elastic tyre. Specifically, we develop a mathematical model in the form of a five-dimensional system of ordinary differential equations for the two modes and the kinematic equation of the nonlinear tyre. Here we use a variant of the widely accepted stretched string model developed by von Schlippe [17] , where we include the effect of lateral bending on the lateral deformation of the tyre. Importantly, we include in the model the geometric effects of a nonzero rake angle of the gear.
A bifurcation analysis of our mathematical model with the software package AUTO [5] reveals a twoparameter bifurcation diagram in the plane of forward velocity and vertical force on the gear. The main features of the bifurcation diagram are two curves of Hopf bifurcations, of the torsional mode and the lateral mode, respectively, which intersect at two doubleHopf points. These codimension-two points give rise to curves of torus bifurcations (or Neimark-Sacker bifurcations [7, 9] ) that are associated with the emergence of quasiperiodic shimmy oscillations. Overall, we find a comprehensive picture of parameter re-
